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Abstract

We solve a model of time to build, in closed form, for the special case where the
only option is commencing investment. The ratio of the optimal to the NPV invest-
ment threshold is as in the standard analysis of irreversible investment. We then report
numerical solutions for the general case where there is also an option to suspend in-
vestment, investigating variation in the time to build, the uncertainty of payoff and the
opportunity cost of foregone cashflows. The two options have opposite effects on the
optimal investment decision and NPV calculation is sometimes an appropriate guide
to investment.
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1 Introduction

This paper re-examines a model first investigated by Majd and Pindyck (1987). This model
amends the standard analysis of the option value of irreversible investment of McDonald and
Siegal (1986) by imposing a constraint on the maximum rate of investment, thus requiring that
the project takes time to build. The value of the project on completion is uncertain. Analysis of this
model is relevant to a number of investment problems where technical requirements constrain the
sequencing of investment expenditures. Examples include the development of mining concessions

or large building projects subject to fixed construction schedules.

We view the investment opportunities in this model as consisting of two options, commencing
investment and suspending investment once the project is underway. We first derive an analytical
solution for the special case where, while the project takes time to build, suspension of investment

1s not possible.

We next provide a new numerical solution of the general model when both options are available.
We do this because the solution provided by Majd and Pindyck (1987) fails to enforce all the
appropriate boundary conditions. We discuss this point in detail in the main text, but it is quickly
apparent from an inconsistency between our analytical solution and the numerical solution of the
general model reported by Majd and Pindyck (1987). Our analytical solution satisfies the same
partial differential equation and all the boundary conditions enforced by Majd and Pindyck (1987).

However, since this is a different model, the two solutions cannot in fact be the same.

Applying our alternative numerical procedure, we find that there are circumstances (when the
time to build is long and the opportunity cost of foregone cashflows is high) in which the effects
of these two options are to a substantial degree offsetting. In this circumstance net present value
calculations are in fact an adequate guide to the investment decision. This point does not appear
in Majd and Pindyck (1987). More typically the option to commence investment dominates and,
as in the standard analysis of irreversible investment, investment should be postponed until net

present value computations yield a return which covers the value of the option.



2 The model and the need for a corrected solution

2.1 Assumptions

A firm can costlessly suspend and restart investment on a project. There is a maximum feasible
rate of investment (k) so that the completion of the project takes a minimum period of %, where
K is the amount of capital which is required to complete the project. We shall refer to K/k as the

time to build. Investment is irreversible so the rate of investment, I, satisfies 0 < I < k.

The project, when complete (K = 0), is worth an uncertain amount V' which evolves according to

the geometric brownian motion:
dV = aVdt + oVdz (1)

with dz the standard Wiener process.

Contingent claims analysis can be used to derive the following partial differential equation in the
two states V and K, satisfied when investment is undertaken at the rate I (See Dixit and Pindyck

(1994) for a detailed discussion):
1
502v2Fvv +(r =8V Fy — rF +max(—I(Fx +1),0) = Ly (F) + max(—I(Fg +1),0) =0 (2)

Here r is the risk free rate of return, and d is the difference between the market risk-adjusted return
on owning the project and the expected rate of growth of V. The cost of investment is normalized
to unity. J, the risk adjusted opportunity cost of foregone cashflows for this project, is assumed
positive to rule out a pure holding strategy, where the investment is indefinitely postponed to
take advantage of the anticipated growth of V. Hereafter we shall, for brevity, refre to § as the

opportunity cost. Ly is a linear differential operator introduced to simplify subsequent notation.

Since costs are linear, optimal policy is “bang-bang”, investing either at rate k (if Fx + 1 < 0),
or 0 (if Fx > —1). Restricting the upper case F' to denote the value function when investment

takes place, and using lower case f to represent the value function when there is no investment,



(2) becomes:

2.2 The model with no suspension of investment

Thus far this setup is exactly that described by Majd and Pindyck (1987). Our departure from
their analysis is to view this investment opportunity as involving two options: that of commencing
the start of investment and, once investment has started, that of suspending investment. We begin
with the special case in which suspension is not possible and investment once started must be
undertaken at the maximum rate until completion. (3) then represents the value of the project
once investment has commenced, and satisfies three boundary conditions:

(i) On completion of the project
FV,0)=V; (5)

(1) F is bounded from below for all (V' > 0, K') (because the committed cost of the project is finite);
and
(iii)

dlnF
Videe dlnV (6)

This applies because a 1 percent increase in V increases the final valuation by 1 percent on all

sample paths and, when V is large, the costs of investment can be neglected.

Subject to these boundary conditions this equation has the analytical solution (this can be formally

derived using the Laplace transform):

FV,K) = Sexp(—r5) = 1] 4V exp(—650). (M)

This solution has a simple economic interpretation. The first term reflects the present discounted

cost of current and future investment from the current time ¢ until completion of the project at



t+ K/k. The second term represents the present discounted value of the (uncertain) final value of

the project.

A net present value rule would suggest commencing investing if F(Kjur, V) > 0, leading to a
investment trigger given by

yNPV é[exp(éKTM) —exp((d — T)KTM)] (8)

The presence of uncertinty leads to the existence of an option value for the investment opportunity
prior to actual investment, f, and optimal policy is then to commence investment when the value
is greater than a threshold level i.e. V > V¢(Kju). ! Before commencement V < V¢(Kys) and
the value of the investment opportunity satisfies (4). On commencement, the value of investment

in the project is given by (7).
(4) has a general solution
f(V)=AVP 4+ BV P2,

where 31, 82 are the positive and negative roots respectively of the fundamental quadratic %0262 +
(r—0— %Uz)ﬁ —r = 0. Application of the boundary condition f(0) = 0 (if the project value ever

falls to zero, it remains zero from (1), with zero associated option value) gives B = 0.

Two further boundary conditions are needed to determine V¢ and f(V°). These are a value
matching condition
K K

Fve) = (V) = Efexp(=r P2 17 4 v exp(-a 1)

(this would apply for any commencement threshold of the form V(Kjs)) and the optimality condi-
tion Fy (V) = fy(V°) (this is the first order condition for optimal commencment of investment).
Substituting for f then shows that the optimal threshold V¢(Kps) for commencing investment F

satisfies:

S F (Ve Ky) =VFy (VS Kyr) (9)

1'We denote the total investment required for the project by K ;. Note that the threshold here is only valid for

K = Ky, t.e. before commencement of the project.



where /1 is the positive root of the fundamental quadratic. Substitution of (9) into (7) then yields:

Bk Ky Ky

Gy e ) — exp((6 = ) =) (10)

Ve = 7

Comparison of (10) and (8) shows that allowing for the option to delay the commencement
of the investment project leads to an increase in the threshold for investment from VNPV to
Ve = %VNPV, the same proportionate increase in the threshold for investment that occurs in
McDonald and Siegal (1986), where there is no constraint on the maximum rate of investment.

Since all expenditures are committed once the project is underway, the analysis is essentially no

different from the standard analysis of irreversible investment.

Note that we can rewrite (10) as

Ve NPV 1 /K -1 K K
=t = P (B et — e -0 S )

showing the optimal investment threshold, and indeed the net present value investment trigger,
expressed as a proportion of the total investment K, 1s a function only of the time to build,
Kpr/k. We shall therefore consider this ratio rather than the threshold itself when we report our

results in Section 4.

2.3 The general model

Now consider the general model in which there is an option to suspend investment temporarily as
well as the option to delay commencing investment. In this case the value function satisfies (2),

reproduced below as (12), for all K > 0.

Ly (F)= za*V*Fyvy + (r =)V Fy — rF = max(I(Fg + 1),0). (12)

1
2

Since there are no other costs of starting or stopping investment, optimal policy is to invest when

V > V*(K) and to suspend investment when V' < V*(K) for some threshold V*(K) i.e.

Ly (F) k(Fg+1) V > V*(K)

Lv(f) = 0 vV <VH(K)



V*(K), which is a function of the remaining time to build K, now represents the smallest value of
the project for which further investment is worth undertaking. For V' > V*(K) the value of the
project includes the option value of future suspensions because, unlike the previous case, reduction
of V' below the threshold V* leads to suspension of investment and (4) then applies in place of
(3). Similarly for V' < V*(K) the option value f satisfies (4), but an increase in V' to above V*
leads to recommencement of the investment in the project (at the maximumrate k). Tt is therefore
necessary to solve jointly for F, f and V*. (In the model with no suspension of investment we

first solved for F' and then jointly for f and V*.)

The final condition on completion of the project (F(V,0) = V) and the boundary conditions for
fat 0 (f(0) =0) and F in the limit as V' tends to infinity (limy e (F(V, K)) = Vexp(—0K/k) +
k(exp(—rK/k) — 1)/r are the same as in the case where suspension is not possible. However the
lower limit on V' for which (3) holds is now V*, and so the boundary condition that ¥ be bounded
for all V' > 0, which applies when there is no option to suspend, must be replaced by an additional

boundary condition which applies on V*.

It can be seen by comparing (12), (3) and (4) that this threshold, V*, is characterised by
Fx(V)+1 < 0 V> VH(K)

fk(V)+1 > 0 V < V*(K)

with equality on the boundary. This additional condition,

Fe(V)+1=0 (13)

is a first order condition for optimality which ensures that V* is the optimal threshold for sus-
pending investment as well as the optimal threshold for commencing investment. This has the
economic interpretation that we suspend investment if the marginal value of investment falls to

less than its marginal cost (= 1).

The remaining boundary conditions on the optimal investment threshold V* are those which apply

on V¢ in the case where there is no option to suspend (i.e. continuity of the value function and



its first derivative), so (9) now applies on V* for all K
LFP(V K)=V"Fy (V" K) (14)

(Note that (13) implies that Ly (F) = %Uzszvv +(r—8)VFy —rF =0on V* and, comparing
this with (4) and noting that we already require F/(V*) = f(V*) and Fy (V™) = fy (V™) from (14),
we see that (13) is equivalent to requiring Fyv (V*) = fyv (V™). We shall use this to simplify the

boundary conditions we impose in our numerical solution.).

A simple argument establishes that V* < V°. Write F' as the sum of a complementary function

FC (representing the option value of suspending investment) and the particular solution given in

(7):

F(V,K) = é[exp(—r%) — 1]+ Vexp(—é%) + F¢ (15)

F© is always positive and declines with V' (F¢ > 0, F¢ < 0 the second inequality arising because

an increase in V delays suspension of investment on all sample paths). Substitution of (15) into

(14) then yields:

Vv exp(—é%) c B K FC Ve
1— ———R=Fy v d— = 1
K( st v g e = R (16)
Then since the term multiplying V*/K is greater than 1 and the second term (involving F¢/K)

is positive, we see that V' is less than the threshold V¢ which applies when there is no option to

suspend. (10) is an upper bound on the investment threshold in the general case.

As an illustration of these boundaries consider Figure 1 2 which shows the investment threshold
suggested by a net present value computation VNPV /K the optimal threshold V¢/K when there
is no option to suspend, and the optimal threshold V*/K when both options are available (the
numerical computation of V* is described in the next section). The parameter values are § = 0.05,
r = 0.02 and ¢ = 0.4 (think of the K/k axis as the number of years required to complete the
project (from 0.5 to 12 years)). Note that as K/k increases, V¢/V* gets larger while V*/VNEV

gets smaller.

?Numerical precision puts a lower limit on the value of K/k for which V*/K can be calculated. The graph

contains only numerical computations of V* /K.



Vc/K, V*/K and Vnpv/K vs K/k for delta = 0.05, r = 0.02, sigma = 0.40
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Figure 1: V*/K, V¢/K and VNPV /K as a function of K/k for § = 0.05, » = 0.02 and ¢ = 0.4

2.4 The need to provide a corrected solution

F(K) and V* must be computed numerically. We provide a corrected procedure for doing this
because that applied by Majd and Pindyck (1987) fails to enforce all the appropriate boundary

conditions. This i1s apparent from the following considerations:

e A total of six boundary conditions are needed to solve for f, F and V*. Majd and Pindyck

only supply five.

e In the special case in which suspension of investment is not possible, I’ satisfies all five
boundary conditions stated by Majd and Pindyck (1987) together with a sixth condition that
F be bounded from below. However their procedure is supposed to be solving a different
model in which suspension is possible and hence in which the value function is not given by
(7). Thus their statement must omit an alternative sixth condition, which ensures that their

numerical results are not the same as (7).



e The boundary condition missing from Majd and Pindyck (1987) is our equation (13). This
is not implied by the five other boundary conditions. As a counterexample consider the
analytical solution of the special case (7), (10). Differentiation shows that this solution
satisfies the five other boundary conditions stated by Majd and Pindyck (1987) but not this
sixth one. Nor is (13) satisfied by their solution (this is apparent from making approximate

calculations using their table 1).

Closer examination of their results also reveals other problems arising from their incorrect numerical

procedure:

e They report a value function in their table 1 which, for all values of V' above the investment
threshold, is slightly smaller than that implied by our equation (7) for the project value where
suspension 1is not possible. The introduction of the additional option to suspend investment
must however increase, not reduce, the value function. So if (7) is correct their computations

are incorrect.

e They report values for V* in table 1 which to numerical approximation lie exactly on our V<,
and some values in table 2 (for example all & = 0.4 values) which exceed our V. We have
shown however that V* < V¢ (and we will show using our alternative numerical computations

that V* can be considerably less than V).

e Their proposed procedure is one in which the value function is computed independently of
the boundary (as they describe their procedure it is possible to compute the value function
over the entire state space and then return to locate V* using condition (14)). The value

function thus computed cannot correctly incorporate the option value of future suspension.

Why is thescheme applied by Majd and Pindyck (1987), which is a standard solution procedure
for the valuation of an American put option, not appropriate for this model of time to build? With
the American put there is only one option, exercising for a known payoff f = F —V (the difference

between the strike price £ and the current value of the underlying asset). In that case there are

10



two rather than three boundary conditions which must be satisfied on V* corresponding to the

two unknowns, the value of the option and the position of the boundary itself.

As we point out, in contrast to the American put, the opportunity of time to build involves exercise
not of one but two options. The option to suspend investment results in the additional condition
(13). An extra condition is necessary because f contains an unknown function of K. The scheme
applied in Majd and Pindyck (1987) enforces continuity of the value function and its first derivative
(or equivalently (14)) but fails to enforce (13). Comparison of our results with those of Majd and
Pindyck (1987) shows that their scheme in fact converges, at least approximately, to V. In effect

they failed to incorporate the option value of suspension.

We could have enforced (13) using a finite difference scheme similar to that of Majd and Pindyck
(1987) but using an iterative search to find the value of V*(K) which satisfied all three boundary
conditions. As we show in the next section these conditions can be imposed more conveniently
using an alternative numerical procedure, the analytic method of lines. This procedure involves a
joint computation of the value function and the investment threshold and yields a non- negative
option value for suspension and a threshold V¢ which is strictly less than VV* for positive K. We

are satisfied that this procedure is reliable within reasonable margins of numerical accuracy.

3 Numerical solution

3.1 General method

We solved (3) with associated boundary conditions using the analytic method of lines, which has
been shown to give efficient and accurate solutions for the related parabolic moving boundary

problem of American option valuation (see Carr and Faguet (1994)).

This method involves discretising the K variable so that the partial differential equation (3) is
replaced by a series of second order ordinary differential equations on the region V¥ < V < oo.

Each ordinary differential equation is valid on a line K = constant, and the lines are indexed

11



by the remaining investment. The solution is obtained by stepping successively backwards from
the known final solution with no remaining investment (5). At each stage we need to derive the
ordinary differential equation, which depends on the solution to the previous stage, find its general
closed-form solution, and then apply the boundary conditions at either end ((6) at infinity and
(13) and (14) at the lower threshold) to obtain the coefficients of each term in the solution. The
solutions become increasingly more complicated as the number of steps increases; however we use
Richardson extrapolation to improve the speed of convergence of the method. With extrapolation,
we obtain accurate results with only five iterations and find that the error correction in performing

the last two iterations is negligible for the range of K we investigate.

Specifically, we let the change in investment between successive approximations be AK | and replace
the K derivative in (3), Fk, by the backwards finite difference approximation (F(K) — F(K —
AK))/(AK). For ease of solution we also transform to log variables i.e. X =In(V) (or V = &X).

This transforms the resulting ordinary differential equation to one with constant coefficients. After

these transformations (3) becomes

o? ) N\ L) ) F - Fh
= X—|—<r—(5—7)FX —rF _k<1+T), (17)
or rearranging,
2 - 2
o ?A Fi) 4 (r Sy - ‘%) AKF) — (rAK + K)F™ =k (AK = FO-D) 0 (18)

where F() is the ith approximation to F' and —x and —xx denote the first and second derivatives

with respect to X. The initial and boundary conditions (5), (6), (13) and (14) become

FO(x) = X (19)
(n) r—§ & k —r &
FUP(X) — e 4+ —(e7"F—1) as X o5 (20)
T
F(x*y = AlMAX (21)
FPI(x7) = gAMenX (22)
FUL(XY) = pRatmesX (23)

12



where

1 r—39 1 r—6\" 2r

=3 +¢(§‘7) T
is the positive root of the fundamental equation 0.5023% + (r — & — 0.50%)3 —r = 0, and A g as
yet unknown. (21) and (22), which enforce continuity in the value function and its first derivative
with respect to V (or equivalently X) across the optimal investment threshold, are equivalent to
(14). As mentioned in the previous section, the third boundary condition (13) implies Ly (F) =0
on V*. Noting that Ly (f) = 0 for V < V* and using (21) and (22), we see that (13) is equivalent to

enforcing continuity of the second derivative with respect to X at V*,i.e. (23), which is significantly

easier to apply.

The general solution for (18) is composed of the general solution to the related homogenous equa-

tion plus the particular solution due to the inhomogeneous term (the right-hand side).

The homogeneous equation related to (18) is

2 e 2 - -
7 2AkA FU) (r - ‘%) AR ooy _ (r% + 1) F =, (24)

This has a general solution of the form

where

1 r—éi 1 r—=94 2+2r - k
2= 2 o2 2 o2 o2 rAK

are the positive and negative roots respectively of the fundamental equation 0.50?AKpu? + (r —
§—050)AKp — (rAK + k) =0, and a(™) 6(*) are to be determined.
3.2 Solution for first iteration

The particular solution for the inhomogeneous equation depends on the inhomogeneous term

k(AK — F(”_l)) and hence on the previous iteration’s solution. For the first iteration, F(1), the

13



inhomogeneous term in the equation is k(AK — eX) (since F(O)(X) = X by (19)). We therefore

try a solution of the form ¢(MeX + d) and find that the particular solution is

1 . AK
1+D° "1+ R

where D = §AK/k and R = rAK/k.

The general solution for the first iteration is

1 5 AK

(1) — DX (1) pu2X _
FYU(X) =a Ve + b e —|—1+De TR

If we now apply the boundary condition at infinity, (20), we see that M = 0. (Tt turns out that
al®) = 0 for all n for the same reason). The boundary conditions at X* give us three equations

for three unknowns, A®) 5(1) and X7 itself:

. . 1 .
A(l) P1X] — b(l) p2 Xy - X
‘ Ut TDY T r
. . 1 .
(1) B1 X} — (1) pp2 X7 Xy
B1AV e pab\ e + 1+De ,
. . 1 .
2 AW P Xy = 2p(1) pua Xy Xi
61 € Ha € + 1+De 3
After some manipulation these can be solved explicitly to give
AL = H2 AKe %7
(1+ R)(p2 — B1)(B1 — 1)
b = & AKem#aXi
(1+ R)(p2 — B1)(p2 — 1)
K p2Pi(l+ D) AK
1+ R)(p2 = 1)(B—1)
This means the full solution for the first iteration is
1 = 2 coPL(X—X7 *
r) = TR AR A, X<
F(l)(X) - (1+R)(u2€1ﬁl)(u2—1)AK@M(X_XI) + 1J+D6X _ 1A+_I;’ X > X:

with

x:_ mhi(l+D)AK
(LR (p2 = 1)(B1 - 1)

14



3.3 Second and subsequent iterations

For the second iteration we must solve

c?AK
2

2
F)((Z))( + (T —6— %) AKF)((Q) — (rAK + k)F® =k (AK — F(l)) ’

in (X%, 00), where F(M) is now known. Note that because we are only solving this in (X3, 00) and

X3 (2AK) > X:(AK), we need only consider the form of F() for X > X7 i.e.

B AKele(X=X7) 4 I x AK

PO = (14 R)(p2 — B1)(p2 — 1) 1+0° T 1+R

However, when we consider the inhomogeneous term

kA AKe~r2Xi k 1
E(AK — FD) = — hLaKe eheX _ X — AK (k + —) .

(14 R)(p2 — Bu)(pa — 1) 1+D 1+R

we see that since it has a term in e#2X | we must seek a particular solution of the general form

C(Z)eX —+ d(Z) —+ g(Z)XeN2X.
The general solution for the homogeneous equation is, as for the first iteration,

f(z)(X) = a@emX L pPerX X > X7

FO(X) = A2l X X< X3

and a® = 0 from the boundary condition at infinity (20). The general solution for the second

approximation 1s

2 _ 2 2 X kfy (X=X
FO(X) = et X — S e )
AK(24R *
e < S X2
FO(x) = AL X XX @)

As for the first approximation, the boundary conditions at X3 give three equations for the three

15



unknowns, 5, A®) and X3

ADAE () uaXs _ kpy X era(X3-X1)
s(L+ R)(p2 — P1)(p2 — 1)
Iy AKQ2+R)

BTEEN (1+ R)2
A kB -
AR X B2 pnaXs _ eha(X3-XT)
g pe S0t B — ) (pr = 1)
_ ki Xpere(X3-xp) -1 x;
S0+ R iz — A (s — 1) TS
* 2]4761#2 oy
2A(2)eﬁ1X — 2[)(2)6N2Xz _ 6N2(X2 X7)
b & S0t B — 0o — 1)
_ kB3 ypexi-xn _ L x;
S0+ R iz — A1) (s — 1) T

From these we can find explicit formulae for 5(2) and A®)| and the equation satisfied by X3, which

must be solved numerically 3

(51 = ) (p2 = 1)eX CAKwp(2+R) kpreraXi et2X =
(1+ D)2 (1+R)? s(1 4+ R)(p2 — 1) o

(26)

Following a similar procedure we can find the third, fourth and fifth approximations, V5", V. and V*
for the optimal investment threshold, and F®), F(4) and F©®) and f®) f(4) and £ respectively

for the value of the investment project. These are given in Appendix A.

We can, however, considerably improve the accuracy of our results with a relatively small number
of iterations by using the technique of Richardson extrapolation. This uses a combination of
approximations chosen to eliminate the errors between the successive approximations and the true

result. The Richardson extrapolation with two components is

the Richardson extrapolations with three, four and five components are given in Appendix A.

These were found to be give results which were extremely close together up to large values of K

3For our numerical simulations we used a simple bisection method, in spite of slightly slower speed, because it

eliminated the problems associated with the value of this function for low values of X

16



In the results presented in the next section, we have used the Richardson extrapolation on five

(12345)

approximations, F' and X{o545.

4 Findings

As mentioned in Section 2, all findings we report are in terms of the proportional investment thresh-
olds with respect to the investment K, i.e. we report the investment threshold divided by K. This
facilitates the analysis because this proportionate investment thresholds (V¢/K, VNV /K V*/K)
are functions of K, the remaining investment, and k&, the maximum investment rate, only through

their ratio, K/k, which represents the (minimum) time to complete the project.

4.1 Dependence on K/k

We first consider how the proportional optimal investment threshold, V* /K, varies with the time
to build K/k. As shown in Section 2, the ratio of the optimal investment threshold with no
suspension of investment, (V¢/K from (10)), to the investment threshold based on a Net Present

Value rule, (V¥FV /K from (8)), is

Ve/K B
VNPV R T B 12" (27)

This ratio is independent of K /k.

Figure 1 shows how V*/K, V¢/K and V¥¥V /K change with the time to build K/k. Whilst
the investment thresholds V¢/K and VYFV /K always rise with increasing time to build, the
investment threshold with the option to suspend, V*/K, falls when the time to build is small

before reaching a minimum and starting to rise as a function of the time to build.

An expansion of V*/K for small times to build K/k < 1 shows that to leading order

‘; = ﬁlﬁil(l—%<%)%+%<5—r+§) (%)Jro((%))) (28)
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This indicates that V*/K always falls for for times to build very close to 0 (where the first term
—a/2Y*(K/k)"/? < 0 dominates). This initial decline in V*/K for small K/k is independent of
the other parameter values. The value of K/k for which the minimum of V*/K occurs is sensitive
to d, o and r. Our computations of V*/K (as in Figure 1) confirm that, as suggested by (28), the

position of this minimum increases when § and o increase and when r decreases.

The ratio V*/VNFPY always falls as time to build increases, reflecting the greater significance of
the option to suspend as the time over which it may be exercised increases. As anticipated, we
find VNPV /K < V*/K < V¢/K for all §, 0,k computed, and that V*/K — V¢/K as the time
to build decreases (K/k — 0). Additionally we find that as time to build increases (K/k — o0),

VK = VNPV K

4.2 The ratio of optimal investment thresholds

V*/Vc vs sigma for delta = 0.03, 0.06, 0.09, 0.12; r = 0.04, K/k = 3, 12
l T T T T T T T

V*IVc

04 1 1 1 1
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

sigma

Figure 2: V*/V¢ as a function of ¢ for § = 0.03,0.06,0.09,0.12 and K/k = 12 and 3
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A measure of the relative effects of the two options, commencing and suspending the investment,
is the ratio of the optimal investment thresholds, V* /V¢. Figure 2 plots this ratio against changes

in the uncertainty, measured by o, for a range of values of 4, and for two times to build K/k.

There are two new points demonstrated by this graph. First, changing J from low to high values
leaves the ratio V*/V¢ unchanged (within the limits of numerical accuracy) i.e. a change in the
opportunity cost has proportionately the same effect on the two investment thresholds. Second,
V* /K decreases as a proportion of V¢/K as the volatility increases, demonstrating the hedging
nature of the option to suspend and its effect in limiting the increase in initial investment threshold.

Finally, as also appears in Figure 1, V*/V¢ decreases as the time to build increases.

4.3 Effect of opportunity cost § on V*/K V°/K

Vc/K, V*/K vs delta for sigma = 0.2, r =0.02, K/k =12, 3
ll T T T

/
Ve (K/k=12) ,

VIK
(<2}
T
N\
L

TV (KIk=3)

Il Il Il

0 002 004 006 008 01 012 014 016 018 0.2
delta

Figure 3: V*/K and V¢/K as functions of § for ¢ = 0.2 and K/k = 12 and 3

Figure 3 plots the optimal investment thresholds, V*/K and V¢/ K, against the rate of opportunity

cost, &, for various values of K/k. This confirms one of the main results of Majd and Pindyck
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(1987) and their intuition that for investment both with and without the suspension option there
are two competing effects of a change in §. The first is that increasing the opportunity cost (of
foregone cash-flows) lowers the values of the options to commence and suspend investment, and
hence lowers the investment threshold. This dominates for small values of §. The second is that,
because of the time taken to complete the investment project, increasing the opportunity cost
decreases the value of the cashflows arising from the project (since they are discounted at a higher
rate). This makes the project less attractive and so raises the investment threshold. As expected,
this second effect is more pronounced for larger values of § and when time to build is long. Since
the ratio VV*/V¢ is independent of §, the minimum of this graph is the same as reported by Majd

and Pindyck (1987).

4.4 Implications for investment criteria

Vce/Vnpy, V*/Vnpv vs sigma for delta = 0.12, r = 0.04, K/k = 3, 6, 12

Ve/Vnpv

V/IVnpv

V*Vnpv (K/k =-3)

15

VAVnpy (Kik =6y~ |

V*/Vnpv (K/k = 12)

1 = I
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
sigma

Figure 4: V¢/VNEY and V*/VVEPV as a function of o for § = 0.12, » = 0.04 and K/k = 3,6 and

12
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(27) shows that when suspension of the investment is not possible, the introduction of uncertainty
fundamentally alters the investment criteria from a naive NPV rule. This has greatest effect (and
hence the largest potential errors in using a NPV framework for decision making) for large values
of ¢ or small values of §. This is illustrated by the top line in Figure 4 which shows the ratio
Ve/VNEY (which is independent of the time to build K/k) as a function of the uncertainty o.

Note this is for a relatively large value of §.

With large d and long time to build, the introduction of the option to suspend means that the NPV
criteria 1s once again an appropriate guide to decision making. This is illustrated by the bottom
line of Figure 4 which shows the ratio V*/V™¥V for a time to build K/k = 12 and § = 0.12. In this
case the optimal threshold taking into account the uncertainty, V*/K, is less than 10% greater
than the NPV threshold, VNV /K even for 50% volatility. The remaining dotted lines show
the ratio V*/VNFY for shorter times to build. As the time to build decreases or the uncertainty
increases, this ratio (and hence the errors incurred by use of the NPV rule) increases and, especially
for large values of o, becomes large (it produces an optimal threshold 60% greater than the NPV

threshold when the time to build is 3 years and volatility is 50%).

5 Conclusions

Our paper has sought to improve on the analysis of time to build offered by Majd and Pindyck
(1987), distinguishing the separate options of commencing and suspending investment. We provide
a closed form solution for the case where the only option available is that of commencing investment
and show that the proportionate increase in the optimal threshold for commencing investment,
relative to that suggested by a net present value calculation, is exactly that which applies to an
irreversible investment project which can be completed instanteneously (the standard analysis of
McDonald and Siegal (1986)). Investment is postponed until the point at which the net present

value equals the value of exercising the option to invest.
Turning to the general case where both options are available, we find that the finite difference
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numerical solution method applied by Majd and Pindyck (1987) does not enforce all the required
boundary conditions. We provide an alternative numerical procedure which uses the analytical

method of lines to enforce all these conditions.

Comparing our results with those of Majd and Pindyck (1987) yields a new economic insight:
the two options to commence and suspend investment alter the optimal investment threshold in
different directions and, for some combinations of parameters, are largely offsetting. Specifically,
when the opportunity cost of the foregone cashflows from the project is large and the time to
build is long, the optimal investment threshold is close to that suggested by a net present value
calculation. In this case a net present value criterion, which does not take account of the values of

the options to commence and suspend investment, is an appropriate guide to decision making.

For intermediate parameter values the optimal investment threshold lies between that suggested
by a net present value computation and that which emerges when the only option is commencing
investment. In the limit, as the time to build grows longer or the opportunity cost grows higher, the
ratio of the optimal threshold to that suggested by a net present value criteria tends to unity. For
most parameter values it i1s necessary to take account of both options in assessing the investment
decision. We also find that when the time to build is increased, but other parameters are held
constant, the optimal investment threshold as a proportion of the total investment, V*/K  initially
falls before eventually rising as K/k becomes sufficiently large; the value of K/k which minimizes

V* /K is sensitive to the values of o, § and r.

In other respects our analysis confirms that of Majd and Pindyck (1987). Like them we find that an
increase in the opportunity cost from a low level reduces the optimal investment threshold because
it reduces the value of the option to invest relative to the expected net benefits of investment.
Further increases in the opportunity cost eventually increase the investment threshold because of
the greater relative effect of the net benefits of the investment. Increasing uncertainty raises the
optimal investment threshold, but when both options are taken into consideration does so by less

than reported by Majd and Pindyck (1987).
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A Approximations for X* and F"

The first approximation for the value function is

FOX) = pWemsX 4 o0eX L g X > x7

f(l)(X) — AL) B X X < X7
where
A0 = H2 AKe P XT
(L4 R)(uz — 1) (51 — 1)
b = pr AKe—He XD
(14 R)(puz — B1)(p2 — 1)
JRC) I
1+ D’
4 o AK
1+ R’

and where we have used the notation D = §AK/k and R = rAK/k.

The first approximation for the optimal investment threshold is

Ve oo X = pafi(1+ D)AK
b (L4 R)(p2— 1)(B1 — 1)
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The second approximations are given by

F(z)(X) — (5(2) 4 g(2)X)euzX 4+ @)X 4 g(2) X > X

X)) = A2)frX X< X3
where
A = 2= 1e® sy m® ki
Bi(p2 — B1) B1(p2 — 1)
—1)e® e 213 — B
by — (B (X31=p2) _ 4(2) (X* n
pa(po — 51) 2 pa(pe — Br)
@) _ (1)
© T 1¥D
4 _(AK —dW)
N 1+R
Lp(L)
2 — _
g SAK

and where we have used the notation s = (p2 — 0.5)0? + r — 4§, and V5 = eX2 is the solution of

(61 = D (g2 = 1)ePeX 4+ pard® 4 (2 — 1) g P et X =0

The third approximation is given by

FOX)= (b3 4+ ¢®X 4 hBIX2)emX 4 B)eX 4 () X > X;

FOX) = AB) P X X < X3
where
— 1)6(3) M eX; (p2—p1)
A® = W=D gy €T ) L on®) (Xt 4 1
B1(p2 — 1) ‘ B1(p2 — B1) (ﬂzg (25 ))
—1)c®) QM
b(s) _ (61 eX (1—p2) (X + )
palps — B1) pa(po — 51)
2o — ﬁl) 2
ENE) (X*2—|— 2(2p2 SV T L) _1_7)
7 po(ps — Br) (p2 — 1)
3 _ e(2)
© T 11D
g (MK - d®))
o 1+R
k o2
3 = (2 _ 2 (2
g SAK (b 257 )
WE kg2
2sAK
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Vi = X3 is the solution of

(B = D)2 = 1)ePeX + ppp1d® + ((ﬂz — A1) (g® +2hPX) + Qh(?’)) ehr =0

The fourth approximation is given by

F(4)(X) - (5(4) +g¢WX + X2 4 i(4)X3)6M2X 4+ c@eX 4 g4 X > X

FO(x) = A frX X<X;
where
A@ — (=1 s
51 (ﬂz - 51)
X3 (n2—p1)
+ m (ﬂ29(4) + 20 (2 X5+ 1) + 3 (o X5 + QXZ))
_ 1)6(4) . 210 — [
g = Bi=D gy @ (X* 4 2= h
palps — Br) g Y pa(pe — Br)
2(2/12 — 61) 2
_ h(4) (X*Z—I— X* +
* po(pz — B1) 4 pa(pe — B)
) 3(2p2 — B1) 6
_ (4) X*3+7X*2+7X*
K3
( * pa(pa — B) * pa(po — B)
3
o
1+D
Jo o _(AK - d®))
N 1+R
k o?
@ - __k e
g SAK
k 3o2
4 — __ " (3 _ 27 -4
W= —ARY 25
@ o __k
3sAK

and V; = X4 is the solution of

((uz — A1) (g 4+ 20X + 3iD X?) 4+ 2p) 4 6i<4>X) e X 4 (B — 1)(p2 — 1)e®eX + poprd™® =0

The fifth approximation is given by

F(5)(X) = (b0 40X 4 AOIX2 4iGIX3 4 jO) x4 erzX 4 B)eX 4 g X > X:

FOX) = AB) B X X <Xz
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where

46— (= 1)e® s
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and Vg = ¢*+ is the solution of

(( — 8¢ + 20X + 310 X2 4 450V x3) 4 200) 4 6iC) X + 12j<5>X2) ehaX

+ (B = D)(p2 — 1)eDeX + paprd® =0

The Richardson extrapolations with two, three, four and five components are

Vi, = 2V =V,
Vg = %Vf‘ — AV + gv;
Viegs = —éVf‘ + 4V — 22—7V3* + ?VJ
Viggas = %Vf‘ - gvz* + 84_1‘/3* _ 1§—8V4 62245 Ve

with similar expressions for the value function approximations.
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